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Introduction

EULER’s GAMMA FUNCTION is the analytic continuation of the Mellin L U U M

transform of the negative exponential function: ‘ } ﬂ

400
I'(s) = J t° exp(—t) dlogt. The Gamma function has no
0 zeroes, and its only poles are
simple poles at nonpositive

This meromorphic function has profound arithmetic significance. For

integers.

instance, we have Riemann’s functional equation: if { is the usual Riemann

zeta function, we may set The Riemann zeta function is
the analytic continuation of
anl ne.

B(s) = ) V2T (;) Z(s).

Then one has 5(1 — s) = Z(s). So, in effect, the Gamma factor plays the
role of Euler factor at the infinite place.

OUR GUIDING QUESTION is imprecise, but tantalising. Why should I' carry this arithmetic significance?
Why do factors that involve this ostensibly innocuous meromorphic function — whose definition lies
wholly in the domain of classical analysis — serve as a means to complete the analytic functions of number
theory? What about the I" function permits one to employ it to define the local factor of { functions (and,
more generally, L functions) at infinite places?

The purpose of this course is to attempt to answer this question by connecting this humble function
with a largely hypothetical object called the field with one element, F,. There is, of course, no field with
only one element, but this object is nevertheless meant to serve as a kind of kéan whose contemplation
leads to some appreciation of the analogous behaviour of function fields over finite fields and number
fields. In effect, F, is to be conceived of as a finite field, and number rings are to be conceived of the
rings of functions on affine F; -varieties, and compactifying these varieties over F; is to be interpreted as
the addition of some infinite primes. Our aim is to offer some attempt at a description of a precise form
algebraic geometry over F; - particularly as proposed in the distinct but related approaches of James



Borger and Alain Connes - that is sufficient to account for the I' factors corresponding to the infinite
places.

We will begin with a purely analytic discussion of the basic properties of the Gamma function and
the Mellin transform; in particular, we will encounter a number of interesting functions, and we will
prove Ramanujan’s Master Theorem. This much should be understandable to anyone with a basic un-
derstanding of real and complex analysis. Our first effort to develop a conceptual explanation of the
Gamma factors will then be Tate’s proof of the functional equations for Dedekind zeta functions and
Hecke L functions. For this, some exposure to class field theory would be helpful. Deninger described
Serre’s Gamma factors of motivic L functions in terms of regularized determinants and an arithmetic co-
homology theory; we will explain his results, and we will enrich his description by passing to Connes and
Consani’s description in terms of cyclic homology. This last clump of material is rather more involved,
and we will be inexorably lead into deeper bits of algebra.

PLEASE NOTE THAT this text contains many incomplete or sketched proofs. This is deliberate: the reader
is asked to supply these proofs as a means of coming to grips with the ideas herein.
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The analytic picture

1.1 The Mellin transform

To DEFINE EULER’S I' FUNCTION, we will employ an analytic tool - the multiplicative Fourier transform,
or, as it is more traditionally called, the Mellin transform. In effect, the Mellin transform acts as the
Fourier transform on the multiplicative topological group R, relative to the multiplicative Haar measure
dlogt.

1.1.1 Notation. We will use the Landau symbols. Suppose a a point of
some topological space, suppose g: V\a— Rypand f: V\a— C
functions defined in a punctured neighborhood V'\ a. Then we will write

Example. One has exp(x) =
f(x) =0(g(x)) asx —a 1+x+x%/2+0(x%) as x — 0.

if and only if for some neighborhood U of a and some C > 0, one has Example. A function f on

. . . s 1 R, is bounded if and only if
| f(x)| < Cg(x) for every x € U.If the implicit constant C is liable to F00) = O(1) a5 x —» +co.
depend upon an auxiliary parameter ¢, then one writes f(x) = O;(g(x))

asx — a. Example. If f is analytic near
the origin, one has f(z) =

Ay + a1z + a2t + - +ayz +
Oy (21Nt as z — 0, where

One particular instance of this is the following. A sequence (¢,,,),,eN
of functions on V' \ a provide an asymptotic expansion

ag,ay, ... ,ay are the first N
f (x) ~ Z AP (x) Taylor coefficients. Hence
meN Taylor expansions are a kind of

asymptotic expansion.

of f near a if and only if, for any N € N, one has

N-1

) =) ap¢,(x) +Oy(n(x)) as x —a.

m=1
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Observe that no assumption about the convergence of the series ), .\ @, ®y, ()

is made.
We also write

f(x) =0(g(x)) asx —a

ifand only if f(x)/g(x) — 0 as x — a.

We follow the analytic number theorists and write

fx) =0Q(g(x))asx —a

for the negation of the assertion f(x) = o(g(x)) as x — a; that is,

f(x) = Q(g(x)) as x — a if and only if

lim sup &l >0

x—a g(x)

In more detail, we write

f(x)=0,(g(x) asx —a

if and only if

lim sup f >0,

x—a 9g\X
we write

f(x)=0_(g9(x)) asx —a

if and only if

lim sup [0 <0,

x—a g(x)

and we write
f(x) =0Q,(9(x)) asx —a

if and only if both f(x) = Q,(g(x)) and f(x) = Q_(g(x)) as x — a.
Let us also employ the following notation for strips in the complex

plane. When «, 8 € R U {—00, +00}, we write

(o B)
Yo B

We may also have occasion to use the rather odd-looking notations (e, 3{

and )a, B) as well.

{s € C|R(s) € [, B]};
{se CIR(s) € Ja, B[}

Example. One has log x = o(x)
as x — + 0.

Example. One has 7x = o(x?) as
X — +o00.

Example. As a function on
R, one hassinx = Q(1) as
Xx —> + 00, and even sin x =
0,(1) as x — +o0o.

Example. As a function on R,
onehas1+sinx = Q,(1)as
x—> +00,butl+sinx #
0_(1)asx — +o00.



1.1.2 Definition. Suppose f: R,; —> C a function that is absolutely
integrable on [0, r] for any r € R, and assume that

ft)=0@*) ast—0,t>0 and f(t) =0t P)ast— +oco.

Then the integral

M{f}(s) ==J t5f(t) dlogt

>0

converges on the strip )«, f( and it defines a holomorphic function there.

We call the holomorphic function M{ f} the Mellin transform of f, and we
call Yo, B( the strip of definition.
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Note that [M{f}(s)| is domi-
nated by the sum

1 +00
J 0L d”J Lf(@)1eRO dt,
0 1

and this in turn is dominated by
1 +00

C J t8O-elgryC J tRO-F-1 gy,
0 1

The first summand converges
for R(s) > «, and the second
converges for R(s) < f.

HERE 15 A L1sT of examples of Mellin transforms. The verifications are left to the motivated reader.

1.1.3 Example. Ifa > 0, then consider the ray [a, +o0o[ and its characteristic function [, ,co- Then the

Mellin transform of (4 o0 is given by

S

M (K sool} (9 = =

with strip of definition s € )—0c0, —a(.

1.1.4 Example. No polynomial admits a Mellin transform, because the integral never converges.

1.1.5 Example. The characteristic function of the open interval 10, 1[ admits a Mellin transform; it is given

by .
M{X]O,l[} (s) = S

with strip of definition s € )0, +00(.

1.1.6 Example. The Mellin transform of the function f(x) = (1 +x)7', is given by

M{f}(s) = mcsc(ms)

with strip of definition s € )0, 1{.

1.1.7 Example. The Mellin transform of the function f(x) = (1 - x)~! is given by

M{f}(s) = mcot(rms)

with strip of definition s € )0, 1{.
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1.1.8 Example. The Mellin transform of the function f(x) = tan™!(x) is given by

M{f}(s) = —gs_l sec<gs>

with strip of definition s € )—1,0(.

1.1.9 Example. The Mellin transform of the function f(x) = cot™ (x) is given by

Tt (T
M{f}(s) = 25 sec<25>
with strip of definition s € )0, 1{.

1.1.10 Example. The Mellin transform of the function

f(x)=log|1+x|,

1-x
is given by
7
M{f}(s) = 7s~! tan <55> .
with strip of definition s € )-1, 1{.
THE MELLIN TRANSFORM enjoys some basic compatibilites with opera-
tions on functions that we explore now. Of course it goes without saying

that the Mellin transform is linear, but there are even better compatibili-
ties worth studying.

1.1.11 Lemma. Suppose
f: R>0 —> C

a function with Mellin transform M{f}.
(i) Ifa > 0and glx) = f(ax), then M{gh(s) = a~*M{f}(s).
(i) Ifz € Cand g(x) = x* f(x), then Migh(s) = M{f}(z +5).
(iii) Ifa > 0 and g(x) = f(x%), then M{g}(s) = a~ ' M{f}(a"'s).
(iv) Ifa<0and g(x) = f(x?), then M{g}(s) = —a~'M{f}(a's).
() I 9(x) = £(3), then Migh(s) = (1~ IM{f}(s - 1),

(vi) If g(x) = log(x) f (x), then M{g} = %M{f}(s).

These identities hold in the
appropriate strip of definition.
The proof of these claims — as
well as the task of finding the
appropriate strip of definition -
is left to the reader.



1.1.12. Consider the topological group isomorphism exp: R — R ; if
f: Ryg—> G, then it is easy to see that

M{f}(-2niy) = F{f o exp}(y),

where F is the Fourier transform.

1.1.13 Definition. If ¢ is a holomorphic function on a strip )a, {, then
for any x € R, and for any ¢ € |a, f[, the formula

1 c+ioco
Mg = [ g ds
2mi Je—ico
defines a function M~ {¢}: R,y —> C, called the inverse Mellin trans-
form of ¢.

1.1.14 Theorem (Mellin inversion). Suppose f: R,y —> C a function
with Mellin transform M{ f}. Then one has

f=MYM{f}.

A COMMON SITUATION is that the Mellin transform of a function admits
an analytic continuation to a meromorphic function on the complex
plane.

1.1.15 Notation. Let us write

-N:={-1,-2,...}, and - Ny =1{0,-1,...}.

1.1.16 Proposition. Suppose f: R,y —> C an infinitely differentiable
function of rapid decay at infinity, and assume that we have an asymptotic
expansion

fx) ~ Z a,x™ as x — 0.

meN,
Then M{ f} admits a meromorphic continuation to the complex plane with
simple poles at s = —n € =N, of residue

Res_, M{f} = a,.

Proof. One writes

1

M{f}s) = J £5 £(¢) dlogt = JO £5 £() dlogt + J:‘x’ () dlogt,

R.o

THE ANALYTIC PICTURE 11

Here of course R is considered
additively and R, is considered
multiplicatively.

This contour integral is indepen-
dent of ¢ thanks to the Cauchy
integral formula.

We omit this proof.

By rapid decay, we mean that

sup |x™ f®(x)| < +00
x€R5o

for every m,n = 0.
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and one sees readily that the second summand is entire. The first sum-
mand can be rewritten, for any N € N, as

jltsf(t)dlogtzj' t5<f(t) Za tm>dlogt+ y &
0

= 0m+s

Here the first summand converges on the half-plane )—N, +00(. This
integral is thus meromorphic on )—N, +o0o( with simple poles of residue
a,, ats =-m € {0,—1,...,—N}. Since N is arbitrary, we conclude. O

The same argument provides us with the following more general
statement:

1.1.17 Proposition. Suppose f: R, o —> C an infinitely differentiable
function of rapid decay at infinity, and assume also that there is a sequence
(0,)men of complex numbers such that

lim R(«,,) = +o00,
m —> +00

and one has an asymptotic expansion

f(x) ~ Z A, x%m as x — 0.

meN

Then M{ f} admits a meromorphic continuation to the complex plane with
simple poles at s = —a,, (n € N) of residue

es_q, M{f} =a,.

1.2 Euler’s Gamma function

We are now prepared to introduce Euler’s function I'.

1.2.1 Definition. If f(x) = exp(—x), then we define the Gamma function
as the Mellin transform of f:

I(s) = M{f}(s) = j £ exp(t) dlog

>0

for s € )0, +oo(.

1.2.2 Theorem. The function I' admits an analytic continuation to a j U U M

meromorphic function on C with simple poles at s = —n € =N of residue ﬁ ﬂ ﬂ

Figure 1.1: A graph of I'(s), for
seR.
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1.2.3 Example. One has

ra) = j exp(—t) df = 1.

>0

1.2.4 Proposition (Functional Equation I). For any s > 0, one has
I'(1+s)=sI(s),

and, consequently,

n—1

I(n+s)=T()] Jte+s)
k=0

Proof. This is immediate from Lm. 1.1.11(ii). O
1.2.5 Example. Ifn > 0 is an integer, one has Gauss preferred the normaliza-
tion II(s) = I'(1 + s), so that
I'l+n)=n ) = .

1.2.6. One could instead have used Lm. 1.2.4 to analyticially continue I
from )0, +00( strip-by-strip to C \ —N,.

1.2.7 Definition. For u, v € )0, +0o(, write
Fo(x) = xj001 ()1 = )"

one defines the Beta function as

Bu) = MU = [ 1= dx

1.2.8 Proposition. For u,v € )0, +00(, one has

B(u,v) = I'(u)I'(v)
’ T'u+v)’
Proof. One has
I'w)I'(v) = “ exp(—s + £)s* 17 dudv,
R.oxRso
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and the change of variablesu = xyandv = x(1 — y) can then be
performed to obtain

+00 1
rwr() = j exp(-x)x“*" d logx-J Y1 - )t dy
0 0
= TI'(u+v)B(u,v),
as desired. B

1.2.9 Proposition (Functional Equation II). If s € C\ Z, then one has
I'(s)I'(1-s) = B(s,1 —s) = mrcsc(rs).

Proof. The first equality is the previous result. It is clear that I'(1 +
s)I'(-=s) = -I'(s)I'(1 —s) and wcsc((1 +5)) = —m csc(ms), so it suf-
fices to verify the claim for s € )0, 1). In this strip, if f(x) = (1 + x)7L,
then we have seen that

M{f}(s) = mcsc(ms),
but on the other hand,

MUf}s) = Jol 11— x) dx = B(s, 1 - s),

as desired. O
1.2.10 Example. We obtain computations directly from this: This offers an inefficient proof
] \/— that -[R exp(~t2) dt = /7.
(3)-
2
and, more generally, The value of the Gamma
function at half-integers is
r (m n 1) _ (2m - 1)!! N of particular import, since it
om ’ appears in the formula for the
. L volume of an n-ball, which we
where the semifactorial is defined by the formula will discuss below.
[k/2]-1
ki= ] G-2j),
j=0
so that

1.2.11 Definition. For any positive integer m and any s € C\ =N, define

m°m! m®

S(+s) - (mts) s(1+3)(1+2)

I,(s) =
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1.2.12 Theorem (Euler Product Formula). For any s € C\ =N, we have
I'(s)= lim TI,(s).
m —> +00

Proof. TtiseasytoseethatI, (1+s) =s (mT_l)HS I, (s); hence the
limit on the right satisfies the functional equation for I. We are thus
reduced to proving the claim for s lying in the half plane )0, +co(. One

has .
exp(—t) = lim <l—i> >

m —> +00 m

so the absolute convergence of both the integral and the limit permits us
to write

m t m

rs)= lim J (1- —> £ dlogt
m— +00 J m

for s € )0, +00(. Integrating by parts, we obtain

m £\ m! Mmoo em—1
J <1——) t*dlogt = J 5t dt = I, (s),
0 m s(s+1)--(s+m-1)m™m Jy

as desired. O

1.2.12.1 Corollary. In particular, for any s € C\ =N, we have

1\S$
Ly (L55)
reo=-1] L
1.2.13 Notation. For m € N, we write h,,, for the m-th harmonic

number

We let y denote the Euler—Mascheroni constant, defined by
hy =y+logN+O (i>
N =Y T108 N
for any positive integer N.

1.2.14 Theorem (Weierstrafy Product Formula). For any element s €
C\ -N, we have

I'(s) = exp(-ys) 1—[ exp(é)'

N

15
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Proof. One has

m°® = exp(slogm) = exp (slogm -s

n= n=1
whence ( )
1 Mo\ 2 exp (S
I,(s)=—-exp|slogm—-s) - .
MORSS p( g Zln)l"[1 ot
= = n
Letting m — + 00, one obtains the Weierstraf3 Product Formula. O

1.2.15 Proposition (Gaufl Product Formula). One has

m—1 k
H r (s + —) = 2m) DRl 27ms P (),
k=0 m

1.2.15.1 Corollary.
()=
p m) N

THE Ps1 FUNCTION is the logarithmic derivative of the Gamma function.

1.2.16 Definition. One defines, for s € C\ -N,

-4 _I'e
¥(s) = s logI'(s) = TGs)

As a consequence of the Euler Product Formula, we deduce the
following.

1.2.17 Proposition. One has, for any s € C\ -N,,

m
. 1
¥(s) = . hn{r <logm - k:EO P )

On the other hand, the Weierstrafl Product Formula implies the
following.

1.2.18 Proposition. One has, for any s € C\ —N,

‘P(s)=—y+z sl

ol nis—1+n)
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1.2.19 Example. It is obvious that ¥(1) = —y. More generally,

¥Y(1+m)=h,,—-y.

1.2.20 Proposition (Functional Equation I). For any s € C\ =N, one
has )
Y(1+s)==+¥(s).
s

1.2.21 Proposition (Functional Equation II). For any s € C\ Z, one has

¥(s) - ¥ - s) = —m cot(s).

LET v, BE THE VOLUME of the unit n-ball. Then one has In the third equality, we're
simply using the fact that
n
n/2  _ 2 +00
T = (J exp( x)dx> J fdf‘:J plx e X| flx) >t} dt
R X 0
= J exp (—x12 o xﬁ) dx, -+~ dx, for a positive function f ona
R" measure space (X, y).

1
J v, (~logt)"? dt
0

+00
= v, I s"2 exp(-s) ds
0
n
UnF <1 + 5) .

1.3 Ramanujan’s Master Theorem

1.3.1 Definition. Suppose A, P,§ € R are real numbers such that A < =
and 0 < & < 1. The Hardy class H(A, P, §) consists of holomorphic
functions ¢ on the half-plane )-8, +0o( such that

¢(s) = O(exp(—PRs + A|Ts])).

1.3.2 Theorem (Ramanujan Master). Suppose ¢ € H(A, P,§). Then the

power series

fO =) (")

meN,
converges fort € 10, exp(P)[ and defines a real analytic functon f there.
The function f extends to an analytic function on 10, +ool[, and for any
s €)0,68( we have

M{f}(s) = mcsc(ms)p(—s).
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Proof. Write
D)= ) (~t)"P(m);

meN,
the growth conditions given ensure that @(t) converges for t € ]0, exp(P)[.
The Cauchy Residue Theorem gives

c+ioco

O(t) = Zim J 7 esc(ms)p(—s)t™> ds

c—ico
for any ¢ € ]0,[. The integral on the right converges uniformly on
compact subsets of ]0, +00[, and now the claim now follows from the
Mellin inversion formula. O

Writing A(s) = ¢(s)I'(1 + s), we obtain the formula

+00

ror=9= e Y EAm dioge.

0 meN,

Much about this formula is interesting, but one way to think of it is to say
that the Mellin transform of a power series interpolates the coefficients of
that power series.

1.3.3 Example. Assume that f admits an expansion of the form
Mm
fo=y A
meN, n.

Then one has

M{f}(s) = I'(s)A(=s).
1.3.4 Example. Let’s write

fOy = = Y Dy

exp(t) — 1 - meN, m!

fort > 0, where B,, is the m-th Bernoulli number, given by

B -y L i(—l)”(k>nm.
o 1+k 5 n

Clearly f is of rapid decay at infinity, and so one knows that the Mellin
transform M{ f} is meromorphic on C with simple polesats = 1 —m
(m € Ny) of residue

B
Res;_,, M{f} = ﬁ
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Since exp(t) > 1 ift > 0, we can write f(t) as a geometric series

ft) =Y exp(-m),

meN

so when we apply our rules for the Mellin transform, we obtain

M{f}(s) = Y I(sym™ =T(s)((s),

meN

where
{(s) = Z m=s.
meN

Since we know that I is nonvanishing and meromorphic on the plane with
simple poles of residue (=1)" /m! at s = —m € =N, it follows that {(s)
admits a meromorphic continuation to the plane with a unique simple pole
of residue 1 at s = 1. Moreover, the Ramanujan Master Theorem gives, for
any —m € =N,

{(-m) = (-1 Pl

m+1

1.3.5 Example. We can generalize the previous example in the following
manner. The Hurwitz zeta function

{(sq)= ) (m+q .

meN
Then if
f(t) = _exp(=qt) 1
1 —exp(-t) t’
one has

M{f}(s) = I'(s)¢(s, )
On the other hand, if B,,,(q) denotes the m-th Bernoulli polynomial
< (m
B,(q) =) (k )qum"‘,
k=0
then near the origin, one has
texp(qt) _ Z B,.(q) g
exp(t) — 1 meN, m!

whence for —-m € —N,

((1-m,q) = e
m

19
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1.3.6 Definition. A Dirichlet series is a series
L(s) = Z a,m-;
meN
a generalized Dirichlet series is a series
Lis)= ) auh;
meN

for some increasing sequence (A,,) with A,, — + oo that grows at least as
quickly as (/) with j > 0.

1.3.7 Theorem. Any generalized Dirichlet series L(s) = )., . @y, €Xp(=2,,5)

admits an abscissa of convergence o, with the property that L(s) converges
ifs € Yo, +00(, and L(s) does not converge if s € )—00,0.(. Further-
more, if sy € )0,,+00(, then there is a neighbourhood of s, on which L(s)
converges uniformly.

1.3.8 Example. Suppose
L(s) = Z A
meN
a generalized Dirichlet series. Now set, fort > 0,
f® =) a,exp(-A,t).
meN

Assume that ¢ has an asymptotic expansion

+00

fO~ ) byt™ast—0.

n=-1
Then
M{f}(s) = I'(s)L(s),

whence L(s) admits a meromorphic continuation to the complex plane with
only one simple pole at s = 1, and for any —-m € —N,,

L(-m) = (-1)"mla,,.

1.3.9 Example. A character

x: (Z[k) — C*,
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extends to Z[k by declaring y(j) = 0 if j is not a unit and then to Z via the
obvious quotient map. The resulting map

x:Z—C

is called a Dirichlet character.
One defines the Dirichlet L-series

Lis, )= Y x(mm™,
meN
and one can follow the recipe above to write

fltx) =) x(m)exp(-mt).

meN

Then
M{f (e, Y)}(s) = T'(s)L(s, x),
whence L(s, x) admits a meromorphic continuation to the complex plane
with only one simple pole at s = 1, and for any —m € —N,
Ld-m,y) = —Bm—’x,
m
where Bm:X is the generalized Bernoulli number, with

N exp(mt) — 1 meN, m!

1.3.10 Example. Consider the Dirichlet series

L(s) = L(s, xg) = Y (-D)™2m-1)"".

meN

Then one has

1 1 E
f(t) = = secht = = Z —""tm,
2 2 meN, ™
where E,,, is the m-th Euler number. We thus obtain for any —-m € —N,,
E
L(-m) = 2.
(-m) 5
1.3.11 Theorem. Suppose L(s) = Y., N @y, €Xp(=A,,;5). Let
A=) ay,.
m<t

Then for any s € Ymax{0, 0.}, +00(, one has

MIF)(s) = @

where F(t) = A(1/t).

21
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1.4 Theta series

1.4.1 Definition. Write

0(z) = Z exp(inn®z) = 1+2 Z exp(inn’z).
nez neN

This series converges in the upper half-plane H = {z € C| J(z) > 0}, and
it defines an analytic function there, called Jacobi’s 8 function.

Let us contemplate a suitably normalized version of the Mellin trans-
form of the function f(x) = %(G(ix) —1): set
Z(s) = M{f}(s/2).

One sees easily that the Mellin transform of g,,(x) = exp(—rm2 x) can be
computed as
M{g,}(s) = n [ (s)n™2,

and absolute convergence permits us to obtain, for s € )0, +00¢,

M { D gn} (s) = 7 5T(s)C(2s).

neN

But of course f =)\ g,,» and so we conclude

1.4.2 Proposition. One has
s S
2(9 =731 ()79

1.4.3 Theorem (Poisson Summation). For any (complex-valued) Schwartz
function ¢ on R, one has

Y pm) =Y $(m).

nezZ neZ

1.4.3.1 Corollary (Functional equation). The Jacobi theta function

(1)) 00

Proof. Consider the function ¢(t) = exp(—ntz), and observe that it is its

satisfies"

own Fourier transform. Now for x > 0, write

Vi (t) = ¢p(+/xt) = exp(-mxt?),

' Here, (z/i)}/? =
exp((1/2)log(z/i)), taking
the principal branch of the log.
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so that y, (n) = g,(x) in the notation above. Now
~ La(y\_ 1, (v ) 1 2\ _ 1 <y>
= — —_ = — —_ = — —JT— = — = .
7x() ﬁ¢<\/§> ﬁ¢<\/§ ﬁexp( ~ )T \L
Now we apply Poisson Summation to conclude. O
1.4.3.2 Corollary (Functional equation). One has
Z(s)=Z(1-5s).
Proof. Using the functional equation for 6, we obtain
1 1 1
x) = x"1/? (—) +-xM2 o,
Je) = xR (L) 513
and in the same manner as above, one may show that the Mellin trans-
form of the function on the right is M{f}(1/2 - s). O Exercise. Check that the Mellin

transform behaves as described.

LET’s USE the same strategy to give a functional equation for the L-
function of a nontrivial, primitive Dirichlet character y of modulus

k.

1.4.4 Definition. The exponent of x is the quantity e € {0, 1} with the
property that

x(=1) = (1) x(D).

Then the corresponding theta series is Whenm = € = 0, we declare

mc = 0.

2
0(x.z) = Z x(m)m® exp(in%z).

meZ

Let us run the same program as above. We study the Mellin transform
of the function

FOpx) = %6(;(, ix),

and with the same argument as above, we obtain the following.

1.4.5 Proposition. One has

Ml (225) = (g)(m)/z Lpor (23€)
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1.4.6 Definition. We define the completed L-function of y:

s/2
Ay, s) = (S) L(X,S)F<S+T€>

We want to extract a functional equation for A(y, s) from a functional
equation for the theta series. This latter functional equation involves an
auxiliary term called the Gauf§ sum.

1.4.7 Definition. The Gauf§ sum for y is given by

k-1

T(x) = Z x(m) exp <i2n%>.
m=0

One has

k-1 k-1
Z Z x(n) exp(i2nmn/k) exp(—i2nm/k)

m=0n=0
k-1 k-1

= Z x(n) Z exp(i2nnm(n — 1) /k)
n=0

m=0

lT(x)I?

= y()m=m.

with this in mind, here is our functional equation for the theta function.

1.4.8 Proposition (Functional equation). One has

(1) 22 (2" ot

z i€vVm
1.4.8.1 Corollary (Functional equation). One has
(x) -
Ay, s) = A, 1-5).
() i (1-59)

WE HAVE A HIGHER-DIMENSIONAL VARIANT of all this as well.

1.4.9 Notation. For any finite Z/2-set S, and denote by o the nontrivial
involution. We will abuse notation and write ¢ also for complex conjuga-
tion. We form the C-vector space

CS = Map(S, C)
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with basis S, and we regard CS as an algebra under pointwise addition
and multiplication.
For z € C5, we write

tr(z) = ) z(s) and N(z) = [ ] 2(s).

seS seS

There is an action of Z/2 given by conjugation: z > 0 ° z ° 0, and we
may identify the R-algebra Map(S, R) with the fixed point subalgebra for
this action:

Map(S,R) = RS = Map(S, C)Z/2 ¢ Map(S, C).
This entitles us to speak of the upper half-space

1
HS = {zeCS|z:Zoaand ?(z—aozwr) >0}.
i

1.4.10 Example. A standard example of a suitable Z/2-set S is the set
Hom(K, C) for a number field K, with the obvious Galois action. Then one
has isomorphisms

CHom(K.C) ~ Ke®g C and RHom(K.C) ~ Ke&gR.

1.4.11 Notation. There is also a hermitian form

(zw) = tr(z- (@ ow)) = ) 2(s) - o(w(s)),
s€S
which is invariant under the action of Z /2. This restricts to an inner
product (e, ) on RS. Let y denote the Haar meeasure relative to that

metric.

1.4.12 Definition. For every Z-structure W ¢ RS, we define the theta
series
Oy (2) = Z exp {in(wz, w)}.
wew
This converges absolutely and uniformly on all compacta in HS.
More generally, suppose a,b € RS, and suppose p: S — N such that

p-(peoo)=0.Set

0y (a,b,z) = Y N((a+w))expin (((a+w)z a+w)+2bw)}.
weWw

25
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We now contemplate Schwartz functions ¢: RS — C and their
Fourier transforms

F0) = | fexp-izate, ) du

RS

and we see much of the good behaviour we've become accustomed to.

1.4.13 Example. The function ¢(x) = exp(-mn(x, x)) is its own Fourier
transform.

To prove a functional equation for 8y, we will need a Poisson Summa-
tion formula.

1.4.14 Proposition (Poisson Summation). If W ¢ RS is a Z-structure,

then let
WY:={ve RS |VYw e W, (w,v) € Z}.
Then for any Schwartz function ¢: RS — C, one has If W is the Z-span of vectors
wy, ..., W,, then covol(W) :=
Z ¢(w) — COVOI(W)71 Z (Z;(U) | det(wy, ..., w,)|.

wew vewVv

1.4.14.1 Corollary (Functional equation). One has

Ou (—1) VINGED) g .

- covol(W)

z

More generally, one has
ob, (a, b, —é) = ("9 exp(i2n(a, b)) covol(W)) " N ((z/i)?*1/2) 62, (b, a,2).
1.4.15 Notation. We define

(RS)>0 ={xeRS|x=xo0andx > 0}.

One has a topological isomorphism

¢: (RS>>04~> 1_[ R>0

peS/Cy

X <H x(s)) .
sep peS/C,

defined by
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(We say that p is real if it lies in the image of S2; otherwise, we call it
complex.) One now pulls back the Haar measure to obtain

dlogx = ¢* (Hdlogx(s)).

seS

1.4.16 Definition. The Mellin transform corresponding to the C,-set S of

a function f: (Rs)>0 —> CS is the function

Mg{f}(s) = I ; N(f(x)x*) dlog x.

xe 50

In particular, if f(x) = exp(—x), then the higher dimensional gamma
function is given by I's := M{ f}(s).

1.4.17 Proposition. One obtains

L) = [] Tplsp),

peS/Cy

where

I'(sp) if p is real;
Tplsp) =19 4
2 _tr(SP)F(tr(sp)) if p is complex.

1.4.18 Definition. At last, we define the L-function of the C,-set S by

Lg(s) = N(m~/*)I5(s/2).

Using the proposition above, we find that

Ls) = [] Lysp)

peS/Cy
where
L(s,) = 7r—5p/21“(sp/22) if p is real;
2(2mr)” )/ I(tr(s,)/2)  if p is complex.

As a matter of notation, assume that n := #S, and
S =1(C,/Cy) Uy (Cyle),

so that 1 = r; + 2r,. We may apply any function of C® to a single complex
number s by writing f(s) = f(const,). So, for instance,

Ig(s) = 2072Inp(s)nr(2s)™
Lg(s) = n_”S/ZFS(S/Z)

27
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In particular, for the two C,-orbits,

ns121(s/2)
202)~5I(s),

Lg(s) = L¢,/c, (s)
Le(s) = ch/e(s)

and one has
Lg(s) = LR(s) L(s)2.
Using what we have already seen about the gamma function, we obtain
the following directly:

1.4.19 Theorem. One has

Lg(1) = L
LC(l) = 7T_1;
LR(2 + S) = iLR(S);
2
Le(l+s) = —Lc(s)
2
LR(I—S)LR(1+S) = sec(gs>;
Lc(1=5s)Le(s) = 2csc(ms);

s\t s\
Lg(s) = cos<n5> 51n<715> Le(s)"Lg(1 —s).

Now we apply this machinery to the C,-set S = Hom(K, C) for a
number field K of degree 1 over Q. Then RS is the Minkowski space, for
which we have a selected isomorphism RS = K ®q R. Note that ifa < O,
then a is a Z-structure on R with covolume

covol(a) = \/%»

where d, = N(a)?|d| is the absolute value of the discriminant. Observe
that if x € K*, then
N((x)) = IN(x)I.

1.4.20 Definition. The Dedekind zeta function of K is given by
{k(s)= ) N@,
0#a<0g
where N(a) = #(Og/a). This series converges on )1, +00(; moreover, one
has
k&= [] a-N@™

0+#peSpec O
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For each ideal class @ € CI(K), one may define a partial zeta function

(@)= ) N@,

a0k, aed

so that

CK(S) = Z (((D’ 5)-

DeCl(K)

In effect, we are going to find functional equations for each partial zeta
function, and then we are going to assemble these.

1.4.21 Notation. We write
Z(®D,5) = ldg [P Ly (5){(D, 5)

To express Z(®, s) as a suitable Mellin transform, we need to cut out
the norm-one hypersurface

% ={xe(R%) , ING) =1},

so that (RS)>O = S5 x R,. Of course OF /ux € S°. We take d*x to be

the unique Haar measure on S’ such that
dlogx = d*x x dlogt.
By the Dirichlet unit theorem,
log(OF /ux) € {x € RS | x = x o0 and tr(x) = 0}

is a Z-structure. Let F be the inverse image of any fundamental domain of
21og(Og [ ux)-

1.4.22 Exercise. The domain F we constructed has volume
Vvol(F) = 2% 271 Ry, .

where
_ covol(log(Ox /)

is the quantity known as Dirichlet regulator.

29
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1.4.23 Theorem. Write
B vol(F)

folat) = #L JF Bulix(tfd,)1 1" =2

Hk
Then Z(®, s) = M{f}(s/2).

Proof. Let R denote the quotient of the action of O upon the ideal a,
and form the sum over representatives

g(x) = Z exp(-nt(rx/dL/", x)).

r€R

Then one has the following Exercise!

ld I'r ™™ Ty (s){(®, 25) = J(Rs) g(x)N(x)* dlog x.

>0

Consequently, we obtain

Z(®,2s) = J “ > exp(-n(rx(t/d,)!", x)) dxx]» t* dlogt.
R SS reR

Wed like to connect this to the theta series, but this involves a sum over

representatives of R rather than a sum over a itself. So:

JsZexp(—n(rx(t/da)l/”,x))dxx _ ZJ S exp(—n(r(t/d,) ", x)) d*x

SS reRr nelog] T m°F rer

- - ) J Y, exp(-n(rx(t/d,)'", x)) d*x

#‘MK neog 7?F reR
B I_J Y Y exp(-m(rx(t/d,)"/", x)) d*x
o Jpr neOy reR
1

_ - : 1/ny _ X
- LZF [0aix(t/d) )~ 1} d*x,

as desired. O

1.4.24 Theorem. The function Z(D, s) admits a meromorphic continuation
to C with simple poles at 0 and 1 with
ri+1y ANES)

Resy Z(D,s) = - Ry and Res; Z(D, s) =
#ux #uk

Rg.

Furthermore, it satisfies the functional equation

Z(D,s) = Z(P®w,1-53),



where w is the codifferent ideal
w = {x € K| trgq(xOk) € Z}.

Proof. In order to employ the functional equation for our 6-function, the
first task is to sort out what the dual lattice to a is. Write » = a™! ® w, so
that b = {x € R® | xa € w}. One notes that

aV

{x € RS| tr(xa) c Z}
{x € RS | Vr € a, trK|Q(erK) cZ}

{x € R® | xa € w}
b.

Note also that 6.7 = 6,v, whence

1 J Qa(ix(tda)_l/n) dtimesx
F

#ux
1/2
_ L () J 0, (ix(td )"y d*x
#px covol(a) Jp-1

1
fF(a> ?)

£172
_ j 0, (ix(t/d,)'/") d*x
H#Hug Jr1

= Y2 f . (b,0).

Now the usual Mellin transform argument completes the proof. O

1.4.25 Definition. The completed zeta function of K is given by

Zi(s) = ldi I L (s){c s)
1.4.26 Theorem. The function Z(s) admits a meromorphic continuation
to C with simple poles at 0 and 1 with

1+, Ty
_2# ClK) ClK) Ry and Res; Z(D, s) = 2 # ClK) Cl(K)R

Resy Z(D, s) =
° H#ux #ux

K>

Furthermore, it satisfies the functional equation

Zx(s) = Zg (1 —5s).

1.5 Pontryagin duality and Fourier analysis
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Exercise. Show thatd, = 1/d,,.



32 EULER’S GAMMA FUNCTION AND THE FIELD WITH ONE ELEMENT

BEFORE WE GO into details about Tate’s thesis, it’s good to have a crash
course on locally compact abelian (LCA) groups and Pontryagin duality.
1.5.1 Example. Here are some LCA groups.

o finite abelian groups - i.e., finite direct sums of cyclic groups Z/p* - with
the discrete topology

o Z with the discrete topology

o R with the usual topology

o any finite dimensional R-vector space - these are called vector groups
o Q with the discrete topology (but not the subspace topology!)

o A closed subgroup of an LCA group is LCA.

o A quotient of an LCA group is LCA.

o Thecircle' T = R/Z is LCA.

o The adic circle T = Q/Z is LCA.

o Finite products and coproducts of LCA groups exist and coincide; we
write & for the common operation. In particular, LCA is an additive
category.

o If{A }uen is any collection of LCA groups, then the product

M4

a€EA

is LCA.

o The limit of any diagram of continuous homomorphisms of LCA groups
is LCA.

o If O is the poset of natural numbers ordered by divisibility, then we
obtain
Z:= lim Z/m;

mepeP
we can look p-typically as well:

Z = lim Z/p".
F neng P

These are rings. Exercise. Characterise all
compact hausdorff rings.



One has a topological isomorphism

We can also form
Z* = lim (Z/m)%;
me@oP

we can look p-typically as well:

2% = lim (Z/p").
P neng P

We have the solenoid

S:= lim R/mZ
me@oP
and the p-solenoid
S, := lim R/p"Z.
P nENgP P

One has a topological isomorphism

S, = (RxZ,)/Z.

The filtered colimit of any diagram of open continuous homomorphisms
of LCA groups is LCA.

We have the finite adéles
Ay, = colim,eq n\Z.

and the p-adics
Q, = colim,en, p"Z,.

The adéles are given by
A=Rea Aﬁn

One has topological isomorphisms
Q/Z = colim,,c, Z/m

and
Q,/Z, = colim,n, Z/p",

both of which are discrete.
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o Omne has topological isomorphisms

S=A/Q.
S,=ReQ,)/Z[1/p].

o If{A }uca is any collection of LCA groups, then the coproduct

L[ A, = colimge g p) @ Ay

aEA a€S

where F(A) is the filtered poset of finite subsets of A, is LCA. Warning:
the natural map | |
set-theoretic inclusion, but it is not the inclusion of a subspace!

wer Aa — [ yen Ay is continuous, and it is a

o Assume {Ay}qen is any collection of LCA groups, ], C A some finite
subset, and Kg  Ag a compact subgroup for each p € A - ],. Then the
restricted product

{Kﬁ}]:[ Aa = COthE?}(A,]OO) <1_[A¢x X 1_[ Kﬁ) ,

aEN €S BeA-S

where F(A, ] ) is the filtered poset of finite subsets of A that contain
Joo» is LCA. This is also the sum

ST e = €D Aa@(< I A,;)x(nﬁm]mmﬁ,@)( [ (A;s/K;s))).

acA a€ly, BeA-J s BeA-]

Second warning: the natural map {Kﬁ}]]a enAq — [1en Ay is con-
tinuous, and it is a set-theoretic inclusion, but it is not the inclusion

of a subspace!

o One has topological isomorphisms

A= T,

pell

and

~ {0  finite
A:{ Qv}ﬁ t]:[QU,
v

where the restricted product is over the set of places, ], is the set of
infinite places, and Og C Q, is the ring of integers.
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o More generally, for any number field K, one defines

Ag = {OKU}uﬁnire]:[KU’
v

where ], is the set of infinite places.

o The multiplicative from of this are the idéles

IK I~ {OEU }vﬁm'tE]]K;}( X
v

Warning: the natural map 1y —> Ay is continuous, and it is a set-
theoretic inclusion, but it is not the inclusion of a subspace! This is
because multiplicative inverse on the suitable subspace of the adéles may
not be continuous; we can repair this, however, and we can see that the
inclusion Iy — Ag x Ag given by

x> (x6,x71)
is the inclusion of a subspace.
o One has a topological isomorphism
Io = Q* @R, 0Z".
o IfK is a number field, then the K-solenoid is

SK = AK/K

1.5.2 Definition. The Pontryagin dual of an LCA group A is the LCA

group
A == Hom(A, T).

The assignment A — A is a functor LCA?” — LCA.

1.5.3 Theorem (Pontryagin). The assignment A +— Aisan equivalence
LCA% =, LCA, and it is its own inverse.

A A
Z/p Z/p
finite finite

35
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discrete compact
R R
vector group V vV
product [[ e, Ax coproduct [ ., A,
limit lim A, colimit colim A,
closed subgroup B < A quotient A/B*
Q/z Z
Q,/Z, Z,
torsion profinite
! [[aeA AtX {Ké_}HaGA A\tx
Ain Ain
Q, Q,
number field K Ag/K

1.5.4 Example.

WE NOW GIVE an abstract proof of Pontryagin duality in a manner that

does not use the classification of LCA groups.

1.5.5 Definition. Suppose A a topological abelian group. We will say

that A is admissible if it can be exhibited as a topological subgroup of a

product [, , B, of LCA groups.

Suppose A a topological abelian group. Then we say that a topology T
on |Al is A-characteristic if (|A], T) is an admissible topological group, and

Hom(A, T) = Hom((|Al, 1), T).

1.5.6 Proposition. On any admissible topological abelian group A, there is
both a coarsest and finest A-characteristic topology.

Proof. The existence of the coarsest A-characteristic topology is an
exercise; let C be the corresponding admissible topological abelian group.
Now let {A]},c 4 be the collection of all admissible topological abelian
groups such that |A!,| = |A| and the topology on A/, is A-characteristic.
Form the pullback

F HoceA AIOC

l

Cc —— CA.
A
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Of course |F| = |Al, and it is now a simple matter to see that the topology
on F is A-characteristic. O
1.5.7 Definition. A topological abelian group is said to be T-cogenerated
if the topology on A is the finest A-characteristic topology. We write
TAD for the category of T-cogenerated topological abelian groups and
continuous homomorphisms.
1.5.8 Exercise. Every LCA group is T-cogenerated.

Here’s an auxiliary category.

1.5.9 Definition. Denote by D the following category. The objects
are pairs (A, B, 7) consisting of (discrete) abelian groups A and B

and a pairing r7: A® B—> T that is nondegenerate. A morphism Nondegeneracy means that for
,¥): (A, B, A',B',5n") is a homomorphism ¢p: A—> A’ and a everya € A, thereisb € B such
(¢ 9): ( _;1) — ) ) p ¢ that n(a,b) # 1, and for every
homomorphism y: B’ — B such that b € B, thereisa € A such that
n(a,b) # 1.

n(¢(a)b') = nla, y(®").

It is not difficult to see that this is an additive category. Furthermore, it is
symmetric monoidal relative to the tensor product

(A,B,m)@(A',B',5'") = (A® A’ Hom(A, B') Xggom(asa’, 1) Hom(A', B), &).

Now the object D := (T%, Z, id) is of particular import.
The following is now completely formal.

1.5.10 Proposition. The category D is self-dual. More precisely, it is
symmetric monoidal with respect to the tensor product above, it has an
internal Hom Hom, and moreover the natural morphism

A — Hom(Hom(A, D), D)

is an isomorphism.

1.5.11 Theorem. The category TADb is equivalent to D above, and more-
over the functor Hom(—, T) on TAb coincides with the functor Hom(—, D)
on D.
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Proof. The functor TAb — D is given by the assignment
A+— (JA|,Hom(A, T), ev).

Its inverse is given as follows: for any (A, A’,7), give A the subspace
topology of A’. Now define D — TAD as the assignment

(A, A ) — (Al 1),

where, 7 is the finest A-characteristic topology on |A]. O

1.5.12 Notation. For any LCA group A, denote by .#(A) the set of all
regular, countably additive, complex Borel measures on A. Denote by
Z(A) the set of all Haar measures - i.e., nontrivial, biinvariant, regular,
countably additive, Borel measures — on A. Recall that Z(A) is an R, -
torsor.

1.5.13 Definition. Suppose A an LCA group and ¢ € #(A). Then
denote by ji: A—> C the function

A0 = | @ dut@,

This is a uniformly continuous, bounded function, the Fourier-Stieltjes
trasform of p. If A € Z(A), and if y is absolutely continuous with respect
to A, then by Radon-Nikodym, du = f dA for some f € L'(A, A). In this
case, we write f for fi. This is the Fourier transform of f.

In the other direction, if 4 € /(A). Then denote by ji: A —> C the

function

ii(a) = jA 1@ du(y).

This is a bounded function, the inverse Fourier-Stieltjes trasform of p. If
A € F(A), and if  is absolutely continuous with respect to A, then by
Radon-Nikodym, du = f dA for some f € L'(A, 1). In this case, we write
f for ji. This is the inverse Fourier transform of f.

1.5.14 Theorem. The assignment y > i is an isomorphism
M(A) = B,(A),

where G,,(A) denotes the space of uniformly continuous, bounded functions
on A; in fact, it is an algebra isomorphism for the convolutions.



THE ANALYTIC PICTURE

The assignment f — f is an isomorphism
L'(A Q) = Wy (A),

where %)(K) C 6, (A) is a dense subalgebra called the Wiener algebra.

1.5.15 Lemma. If A € FZ(A), then thereisa y € F(A) such that for any
f e IN(A, 1) N I(A, L), one has

f e G(A) N L (A p), and I fll, < I fl,-
Dually, for any ¢ € L' (A, ) N I2(A, p), one has

b € Go(A) NIA(A,N), and |l < 4],

1.5.16 Definition. If A and g are as in the previous Lemma, then since
LM(A, 1) NI*(A, X)) € I*(A, M) is dense (and similarly for I*(A, 1)), the
Fourier transform f > f and the inverse Fourier transform ¢ —> ¢

extend to continuoun linear maps
I2(A, L) — [2(A, @) and I2(A, w — I2(AN),

respectively.

1.5.17 Theorem (Fourier Inversion/Plancherel). For any A € #(A), then
there is a unique y € F(A) such that:

(1) forany f € LY (A, M) NI%(A, M), one has
f e GANL(A p), and | fly < 11 fls
(2) dually, for any ¢ € LM(A, ) N 12(A, u), one has

¢ € Go(A)NI2(AN), and |l < s

(3) forany f € I2(A ),

(4) forany ¢ € I*(A, p),

(5) (Plancherel) The assignments f —> f and ¢ —> ¢ are isometries, so
that [*(A,\) = [2(A4, W)

39
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The pair (A, y) of the theorem are called dual Haar measures. We'll get
in the habit of writing A for a Haar measure on A and A for its dual Haar
measure on A.

Here’s a standard identity

1.5.18 Theorem (Parseval). For any f, g € I*(A, M), one has
J fgdi = JAfE di.
A A

Now in order to get off the ground with a general Poisson summation
formula, we must isolate a class of functions on any LCA group that are
of rapid decay. These are called the Schwartz-Bruhat functions. Again,
normally one proceeds by means of a classification result. We do things
differently here, following Scott Osborne’s paper.

1.5.19 Definition. A function f € L*(A, A) is of brisk decay if there
exists a compactum K C A such that for every integer n > 1 thereisa
constant C,, > 0 such that for any integer m > 1, one has

C}'l

||f|(A\1<m) oo < h
1.5.20. Easy observations include:
(1) Brisk decay is independent of the choice of A.

(2) IfK is the compactum for a function f of brisk decay, then f van-
ishes ae away from the subgroup generated by K.

(3) Functions of brisk decay are translation-invariant.

(4) Functions of brisk decay are closed under convolution.

1.5.21 Exercise. Prove that every function of brisk decay lies in L7 (A, 1)
for every p > 1. (Hint: bound the integral of | f| over K™ \ K™ 1)

1.5.22 Definition. We say that a function f € L*°(A, A) is of rapid decay
- or is a Schwartz-Bruhat function - if and only if f is of brisk decay

on A and f is of brisk decay on A. We write S(A) for the collection of
Schwartz-Bruhat functions.
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1.5.23 Lemma. The vector space S(A) is a Fréchet space that is dense in

12 (A, Q). I believe S(A) is also nuclear,
but I didn’t put any thought into

this.
1.5.24 Lemma. The Fourier transform gives a topological isomorphism

S(A) = S(A).
1.5.25 Lemma. Every Schwartz-Bruhat function lies in 6 (A).

1.5.26 Example. On a finite group, all functions are Schwartz-Bruhat
functions.

1.5.27 Example. On Z™, the Schwartz-Bruhat functions are precisely the
functions f such that for any k € ZZ,,, the quantity

sup |nkf(n)| < +00.
neZ™

1.5.28 Example. On T™, the Schwartz-Bruhat functions are precisely the
smooth functions.

1.5.29 Example. On R, the Schwartz-Bruhat functions are precisely the
usual Schwartz functions.

1.5.30 Exercise. Describe the Schwartz-Bruhat functions on any group
of the form F x Z™ x T" x R?, where F is finite abelian.

1.5.31 Example. One has
S(A) = colimy gy S(U/K),

where the colimit is over subgroups K < U < A with U open and compactly
generated, K compact, and UK a Lie group (and in particular of the form
FxZ™xT"xRP).

1.5.32 Example. If A is totally disconnected, then S(A) is precisely the
collection of locally constant functions with compact support.

1.5.33 Theorem (Poisson summation). Suppose

0—->A" A A" 50
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a short exact sequence of LCA groups.

(1) Forany A € H(A)and X' € F(A'), there exists a unique A" €
F(A") such that for any f € S(A),

[ swaw=] [ sopavprave
x€A zeA" J yeA!

(2) Forany f € S(A), define a function i, (f) on A" by integration along
the fibers

n(D@=| S d )

Y€

where x is any lift of z to A. Then on A", which is canonically identi-
fied with (A")*, we have

. (f) = flians-
(3) Foranyx € A,

| sepavor=]  Fooxwaioo
yeAl xeA

Proof. The proof of point (1) is straightforward.”
For y € (A')* and forany x € Aand y € A’, one has y(xy) = x(x).
Hence

W = [ e

J J fz)x(yz) dN (y) dA" (xA")
AH AI

jA FEORE M),

where the last identification follow from point (1). This proves point (2).
Finally, Fourier Inversion gives, for any x € A with image z = n(x),

7.z = 7. () 2)

| rapnavm
yeAl

Flian: (@)
[ Fooxeo i,
XG(A’)L

whence we obtain (3). O

* And consequently it is an
Exercise.
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1.5.33.1 Corollary. If A C A is a discrete cocompact subgroup, then for
any f € S(A), one has

Y fW= s l(A/A) > f.

x€A xeAL

1.6  Local zeta functions

We now assume that k is a local field of characteristic 0.

1.6.1. We define an absolute value | - | on k by choosing a Haar measure A,

and a measurable subset3 U of finite measure, and declaring 3 A compact neighborhood of 0
will do.
] o= 20
u()

The resulting absolute value does not depend on A or U.
We have three options:

o Ifk = R, then | ---| is the ordinary abolute value.
o Ifk = C, then|---|is the square of the ordinary absolute value.

o If kis nonarchimedean, let o C k be the ring of integers, p < o the
maximal ideal, 77 a uniformizing parameter, and F the finite residue
field of order g. Then |7| = 1/g.

1.6.2. We have seen that k™ is Pontryagin self-dual; the isomorphism
k* = k¥ is not unique, but for any character y € k¥, we may obtain such
an isomorphism by x > y(x). For each such y;, there exists a unique
Haar measure " on k* such that 4™ = y* under this identification, and
moreover, " does not depend on x. We therefore dub this the canonical

additive Haar measure.

1.6.3. It is convenient* to fix a character X;. € k* - and hence an 4though perhaps unnecessary?
I'm still not clear on how much

really depends on these choices,
which do seem in some sense
uniform.

isomorphism k* = k™ - once and for all. We have cases
(1) Ifk = R, then select
Xg: R(HUR —R/Z =S'.

(2) Ifk= QP’ then select
Xq,: Qy—Q,/Z,<cQ/Zc st
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(3) Ifk = F, (1)), then take the coefficient of t ™! as a map F () —F,
and select
X, Fyl(0) B <5

(4) Ifk C kg is an extension of one of the above “prime” cases, then select

Xk = Xko OtI'k/ko.

1.6.4. Now we look to k. We have a exact sequence
lﬁUk—»kXHVkﬁl,

where
Vi={veRyy|Ixek*v=|x|}

is the valuation group of k™, which is R, itself if k is archimedean and
g% otherwise, and
Uy = {x € & | x| = 1}
is compact. This sequence is (noncanonically) split by a homomorphism
X — %, which in the nonarchimedean case is determined by a uniformis-
ing parameter.
Now we wish to specify a canonical multiplicative Haar measure. To

thisend, if g € 6, (k*), then the function g(x)/|x| is a function in
Goo(k™ — {0}). So we define a functional @ on G, (k™) by

D(g) = J M du*.
kt—jo} x|

1.6.5 Exercise. Show that the functional @ is invariant under translation.

Consequently, @ corresponds to a Haar measure which we might as
well call log |*|. Now we normalise log |y |:

o If kis archimedean, then ™ = log |u™|.

o If k is nonarchimedean, then

x_ _4
U q-1

log |u*].

1.6.6 Exercise. If k is the completion of a number field K at a finite place
p> compute the volume of U, under ¢*. Answer:

W (Uy) =

1
Vi
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where d|_ is the discriminant of k, which is 1 for all p except those that
divide the discriminant of K.

1.6.7 Definition. A quasicharacter on k™ is a homomorphism k* —> C*.

1.6.8. Any quasicharacter y on k* factors as

y(x) = x(X)|xI*,

where y is the character on U, obtained as the restriction of v, and s is
determined by y completely if k is archimedean, and modulo 2mi/ log q if
k is nonarchimedean.

The assignment y — (¥, s) identifies the set Q. of quasicharacters on
k* with Uy, x Sy, where

S - C if k is archimedean;
C/(2ni/logq)Z if k is nonarchimedean.

We endow Qj, with the structure of a complex manifold® by declaring s with infinitely many compo-
nents

that for any character® y € U,, the map s %)|x|* should be a local _
Y X k pst— x(®)lx| ¢ Note that Uy is discrete.

isomorphism.
Also note that the quantity R(y) == R(s) is uniquely determined by

.7 We call R(y) the exponent of s. 7 Why?
In effect, Qy is going to be our analogue of the complex plane, and

we're again going to work with “strips”

2a,b( = {y € Qc | R(y) € ]a, b}

1.6.9 Definition. Suppose now f € §(k*). For any quasicharacter y with
R(y) > 0, set

9= | FCow) duo).

1.6.10 Lemma. The function z(f, y) is well defined and holomorphic on
the region )0, +00(.

Now to get our local functional equation, we need the analogue of
s+ 1 —son Q. This is the following.



46 EULER’S GAMMA FUNCTION AND THE FIELD WITH ONE ELEMENT

1.6.11 Notation. Define an involution ¥ > § on Qy, where

oy XL
70 = o

Note that R(y) = 1 — R(y).

1.6.12 Exercise. Use Fubini to prove that for v € )0,1{ and f, g € S(k*),
we have

2(f,v)2(§ ) = z(g, v)z(f, ).

For each character y € Uy, if we can find one function fy € Sk™)
such that:

(1) y+— z(fx,u?) is not identically 0 on ({y} x S¢) N )0,1(, and

(2) the function

z 5
(y) = 2LV
z(f,y)
admits a meromorphic continuation to all of {y} x S,

then forany g € S(k"), the function z(g,y) admits a meromorphic
continuation to all of Q, and moreover

2(9,y) = p(¥)z(3, ).

We'll construct our functions f, case by case for the “prime fields.” The
appropriate mods involving the trace are left as an Exercise.

(1) Suppose k = R. There are two options for :

(1.a) For y = 1, take f(x) = exp(—nxz), so that when y(x) = |x|°,

we get
z(f1,y) = I (s/2),
and
2(f1, 9) = 721 - 5/2).
Hence

p(s) = 2l=sgs cos(gs)l“(s),

which we've seen is meromorphic on C.
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(1.b) Fory = -1,take f_;(x) = x exp(~-7x?), so that when
y(x) = sgn(x)|x|*, we end up with

p(s) = 21=Sgs sin(%s)F(s),
which again is meromorphic on C.

(2) Suppose k = Q,,. Then we have two options for x:

(2.a) x = 1 (unramified case). Choose f; to be the indicator
function of Z It Then

Fi) = jz exp(=2rifxy}) du(y) = f,.
P

Now let’s perform our Mellin integrals for ¢ = |- |* (for
s€)0,1(:

oy = | A A
p

- L[ I ()
p-1lz,o ¢

+00
1
= P_rS: —,
;o 1-p~

and, on the other side,

o) = | RGN

Q;
1

1— ps—l ’
which is not identically zero on ({1} x §;) N)0, 1{. So

1-pls—1
p(s) = sty - ) ,
1-p
which meromorphically continues to the component {1} x S;.
(3) x # 1 (ramified case). Now y factors through some (Z/p")* — st
and assume that » is minimal with this property. Set

£ 0 if x| > p";
X) ==
X exp(2mi{x}) if |x| < p".
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Basic properties of Fourier transforms give

- 0 if|l-x|>p"
fy () = _
p* if|1-x| < p".

Now we have y(x) = x(%)|x|*, and we compute8

ns+l-n P"-1

(fpv) = E——Y x(r) expenir/p"),

p-1 5
and p
Z(er 1//) = 1:>
and now
Pl
p(y) = p"V Z x(r) exp2mir/p™).
r=1

No problem continuing this to {1} x S.

(4) When K = F,((t)), we'll run essentially the same program, with the
indicator function in the unramified case and, in the ramified case, a
rescaled version thereof multiplied by the character.

1.7  Global L-functions

Now we let K be a global field. Our identifications K;; = K, give us a
selected identification
Ag = Ag.

There’s a unique norm on this ring induced by the finite ones. Similarly,
the Tamagawa measure on Ay is the measure u* given by forming the
product of the y’s, and the Tamagawa measure on I is the measure py*
given by forming the product of the p's.

On K ¢ Ak, we install the counting measure. We have the following
consequence of Poisson summation:

1.7.1 Proposition. y(Ag/K) = 1.

For the id¢les, we have a canonical norm coming from all the local
norms, and to embed k™ nicely, we first need to pass to the idéles of norm
1:

1~>I}<HIK~>VKH1.

8 Here’s our old friend the
GaufSsum!
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Now if K is a number field, Vx = R, and if K is a function field, then
Vi = q%. In the first case, choose the measure on Vi to be log 4, and in
the second, choose the measure to be (logg) - #. Now select the measure
! on I¥ to be compatible with the other two in the usual way.

1.7.2 Proposition. K* ¢ Ik is discrete and cocompact.

1.7.3 Definition. A homomorphism y: m — C* is called a qua-
sicharacter. We'll call the space of all these H.

H decomposes (topologically) as the product (K*)* x C;any y € H
can be written uniquely as x > x(x)|x[*, where y € (K*)* ands € Cis
an action of C that gives H a complex manifold structure.

Again any ¢ gives rise to ¥, given by x —> %

1.7.4 Definition. Suppose f € S(Ag), and suppose y € H. Then we
define

aﬁm=jlﬂmMdeu)

1.7.5 Theorem. The integral Z( f,y) converges for R(y) > 1. It extends to
a meromorphic function on H, and the only poles are at (1, 0) with residue
- covol(K*) f(0) and at (1, 1) with residue covol(KX)f(O). Finally, we
have the simple functional equation

Z(f,w) = Z(f, 9).

High points of proof. 'We can decompose that integral
+00

Z(f>x) = JI Fx)x(x) dp(x) =J Z,(f, x) dlogt,

0
where

Z(f0= | ey de o),

Now let’s analyse Z, not by decomposing it into local pieces, but
instead selecting a fundamental domain E for k* and writing

Z(fsy) = L( > f(aty))w(ty) du* (y).

aeK*

49
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On the other hand, Poisson summation yields
j ( Y f(ocfy)) y(ty) du'(y) = j ( Y f(ocy/t)> F(y/t) du' (),
E \aek E \aek

whence one obtains
240+ FO) | v it 0) = 2079+ FO | 9010 du' ()

It turns out that there are two options for those integrals: either the
quasicharacter is unramified or it isn’t. If it is, then we get

jE W(ty) du'(y) = £ (B);

if not, then we get
IEwa)duWy)=l-

So the ramified case is going to be easier: you take Z( f, ) and split it
into two pieces, using what you've learned.

+

zmg:Lmzmgm%HLmQ@@w%u

That literally it in that case.
The unramified case is only mildly more annoying. O



2
The field with one element

2.1 Borgers picture

Jim Borger has proposed a fascinating picture of F;, which offers an
amazing insight into this object. To describe it, it’s convenient to start
with an understanding of plethystic algebra.

2.1.1. Our rings and algebras will all be commutative with 1.
2.1.2 Definition. Let k denote a ring. An affine k-algebra scheme is an
endofunctor X : Alg, — Alg, such that the composite
Alg, — Alg;, — Set
is corepresentable. If X is in addition a comonad, then we say that X is a
k-plethory.
2.1.3. An affine k-algebra scheme is X = Spec R for a k-algebra R that has
been equipped with the following structure:
o acozeroe': R—k;
o acoaddition A*: R—> R@ R;
« anantipodeo: R— R;
« acoonee*: R—k;
o acomultiplication A*: R—> R®; R;

o aring map k — Homy (R, k);
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subject to a whole pile of axioms.
The structure of a plethory on X then suppiles one more piece of data
on R, a noncommutative operation

o: R, R—R

that corepresents the comonad structure. This is called the composition
product or plethysm.

2.1.4 Example. The constant endofunctor at the zero ring is an affine
k-algebra scheme; it is corepresented by Spec k.

2.1.5 Example. The identity endofunctor I : Alg, — Alg, is an affine
k-algebra scheme; it is corepresented by Spec k[t]. Since it is obviously a
comonad, this is also a plethory.

2.1.6 Example. The assignment S+— W(S) of the ring of “big” Witt
vectors is a Z-plethory. It is corepresented by the algebra A of symmetric
functions over Z. This is defined as the subring of Z[[x;, x,, ...]A*N
consisting of those power series in which the degree of the monomials is

bounded. The theorem of elementary symmetric functions shows that

where

are the usual elementary symmetric functions. (We usually let Ay = 1.)
We could also freely generate A under the complete symmetric functions

On = Z TR

<<l

Of special relevance are the Adams symmetric functions
Yo o= x4 x4

we may freely generate A by elements wy,w,, --- € A determined by the
relations

d
Y, = Zdwg/ ,
dln
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since

Z (-1)"A,,,T™ = exp <— Z l1;/mtm> = H (1-w,,t™).
meN, meN M meN
This is how one obtains the usual description of elements of W(S) in terms
of Witt components (wy, w,, ... ).

The plethysm is composition of symmetric functions; this corresponds to
the Artin-Hasse map W(S) — W(W(S)).

We will describe all these structures very precisely with K-theory soon.

2.1.7 Example. If G is a group, then the endofunctor FS : S+—> S© has

a comonad structure, and it is corepresented by k[G], which is the free
polynomial algebra on the underlying set of G. This is not the group-algebra,
but it is the symmetric algebra generated by the group algebra kG.

2.1.8 Definition. If P is a k-plethory, then a P-algebra is a coalgebra for
the comonad P.

2.1.9 Example. Every k-algebra is an I-algebra for the identity plethory I
represented by k[x] in a unique way.

2.1.10 Example. If G is a group, then an FC-algebra is a k-algebra with an
action of G.

2.1.11 Definition. Suppose K an idempotent complete symmetric
monoidal category with finite colimits (such that the symmetric monoidal
structure preserves finite colimits separately in each variable). We write
Alg(K) for the category of idenmpotent (commutative) K-algebras. A
K-biring is a comonad X : Alg(K) — Alg(K) such that the composite

Alg(K) — Alg(K) — Cat

is corepresentable. If X is a comonad, then we say that X is a K-plethory.

[...]

2.1.12 Definition. A quotient of the plethory W corepresented by A is
the subplethory Wy corepresented by the subring ¥ ¢ A generated by
the elements y,, for n € N.

53
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2.1.13. The plethory Wy is freely generated by the elements v, for
n € Nj; that is, for any ring R, one has

Wy (R) = RN
as aring. For any n € N, define
v,: RN — RN

by
v,(@) =y,(a;,a5,as3,...) = (a,,dy,, A3, -+ ).

The comonad structure Wy — Wy o Wy, is then given by

(@) — (y1(a), yy(a), y3(a) ... ).

A YV-algebra is thus a ring R with an action of N*. Of course and
A-algebra gives rise to a ¥'-algebra structure.

To some degree, the structure of a A-algebra can be recovered from
the strecture of a V-algebra.
2.1.14 Lemma (Newton formula). For any k > 1, one has
k
> GO My = (G kA
m=1
2.1.14.1 Corollary. If R is flat over Z, then for any ¥-algebra structure on

R, there is at most one A-algebra structure that lifts it.

Proof. The lemma above permits one to write each A, as a homogeneous
polynomial of degree k with Q coefficients in vy, ..., i, where |y;| =
j- O

2.1.15 Theorem (Wilkerson). If R is flat over Z, then any V-algebra
structure on R in which for every prime p,

¥,(x) = xP  mod pR

admits a unique A-algebra structure lifting it.
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Proof. We're just after existence. Uniqueness we already have. On R® Q,
define Ay for k > 1 by means of generating functions:

d m _ n n
~t—log <m;vo A ()t ) = n;\l(—n v, (x)t".
This is* a A-structure on R® Q. ' Exercise.
We aim to show that for any prime p and any x € R® Z ), the map
At R®Q — R®Q carries x to R® Z,). This is obvious for k = 1,
since A;(x) = x. Now assume the claim for all A, for m < k.
Suppose p 1 k. Then we can divide by k, so the Newton formula plus
the induction hypothesis does the job.
If k = p, we observe that

Yp(x) = xP = p (D Ap(x) + P (%), s Ay 1 (6)))

for some polynomial P with Z coefficients. By assumption, the left hand
side lies in p(P® Z(;,)), s0

(=DP Ay (x) + POy (), ..., Ay (%)) € RO Zp.

Now the induction hypothesis does the job.
If k = mp for some m, then we observe that

() = (CDEDEDL QL)) + QAL (), o2 A p)

for some polynomial Q with Z coefficients. Again with the induction
hypothesis. O

2.1.16. Wilkerson’s theorem says that if R is flat over Z, then a A-algebra
structure on R is exactly the same as a compatible family of lifts of
frobenius for each prime p. Incidentally, one can show thatif Ris a
reduced A-algebra, then it is automatically flat over Z.

2.1.17 Definition (Borger). An F, -algebra is a A-algebra. We write
CAlgg, for the category of such.

2.1.18. We have an adjunction

~®p, Z: CAlg(F,) —— CAlg(Z): U,

55
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where — ®g, Z is the functor that forgets the A-algebra structure, and U is
W. The functor — ®g, Z preserves both limits and colimits, since it admits
a right adjoint (W) and a left adjoint.

We think of the A-algebra structure as descent data to F;. When a ring
R admits a A structure, we say that R is defined over F, or descends to F;.

2.1.19 Example. The ring Z is defined over F, in a unique fashion, in
which each y,, = id.

2.1.20 Example. For any commutative monoid X, the monoid algebra ZX
has is defined over F: the descent data are given by y,(x) = xF for any
xeX

In this way, one has

Z[1)/(t" 1) = Fpu 0, Z.

The F|-algebra Fyn is the field with 1" elements, which we regard as a field
extension of F.
Pushing this farther, we can write

Z2(Q/ZZ) =F, &, Z.

2.1.21 Example. There is actually another F, -structure on Z[x] (different
from Z[Ny]). This is the one that has the potential to be more interesting
from our point of view.

Consider the category Rep(SL,(C)) of finite dimensional representations
of Rep(SL,(C)); denote by V the standard 2-dimensional representation.
We have the representation ring K,(Rep(SL,(C))), which is a A-algebra in
the canonical manner. We may compute it by identifying a representation
a(_)l ), sothat[V]=a+al.
We find that Ky(Rep(SL,(C))) is then the fixed points of the ring Z|a, al]
under the C, action at— a™'. Of course, if x = [V] = a+a™!, then we

a
with its character on the torus elements (0

obtain an isomorphism
K (Rep(SL,(C))) = Z[x],

but the A-algebra structure turns out to be different.
Indeed, to see this, consider the 2" -dimensional tensor power V",
which corresponds to [V®"] = x" = (a+a™ )" € Z[a,a™ '], and the
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(n + 1)-dimensional representation Sym” (V'), which corresponds to
[Sym"(V)] =a"+a" 2+ +a*"+a" € Z[a+a'].
If we substitute a = exp(i0), then we get x = 2 cos 0, and we find that
[Sym™ (V)] = U, (x/2),

where U,, are the Chebyshev polynomials of the second kind. Equivalently,
the Adams operations are given by

1//p(x) = ZTP(X/Z),

where T, are the Chebyshev polynomials of the first kind.

2.1.22. One might like to declare that the “correct” polynomial ring in
one variable over F is the free F, -algebra generated by one element. The
problem is that it’s not so clear what “free” means, and to this end the
problem is that it’s not so clear what the “underlying set” of an F; -algebra
ought to be.

To illustrate, consider a finite Galois extension F ¢ E with group
G. Then an F-algebra is the “same” as an E-algebra R equipped with a
semilinear action of G. The underlying set of the F-algebra is, of course,
not the underlying set of R, but rather the underlying set of R®. Under
the analogy between A and E°[G], it’s not a priori obvious what should
play the role of RS. In the particular case in which R is flat, a reasonable
answer might be fixed points for the action of N*.

To describe the theory of more general objects over F;, we can extend
the comonad W as follows.

2.1.23 Definition. Consider Shv(Z), the category of étale sheaves (of
sets) on the category Aff/Z of finitely generated (over Z) affine schemes.
Since W is a monad on Aff/Z, the left Kan extension of W is again a
monad on Shv(Z), and we write Shv(F,) for the resulting category of
algebras, and we call the objects thereof F; -sheaves.

Observe that Shv(F;) can equally well be considered the category
of coalgebras over the comonad given by precomposition with W. Fur-
thermore, it is not at all difficult to check that precomposition with W
preserves filtered colimits, whence Shv(F,) is a topos, which we call the
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large étale topos of F,. Furthermore, the adjunction
v*: Shv(F;) ——=Shv(Z): v,

is a geometric morphism of topoi. In fact, it is an essential geometric
morphism — the left adjoint v* admits a further left adjoint v,. However,
this geometric morphism is not étale, since the left adjoint v, is not
conservative; indeed, this would follow if and only if the assignment
R+—— W(R) is conservative.

We have to contend with the theory of modules over F, -algebras.
Luckily, we can be surprisingly concrete.

2.1.24 Definition (Beck). If C is a category that admits all finite limits,
then for any object A € C, one may define an A-module to be an abelian
group object in the category C 4, so that

Mod(A) = Ab(C, ).

If M is an A-module in this sense, then a derivation from A to M is a
morphism A —> M in C/; the set

Der(A, M) = MorC/A (A, M)

admits an abelian group structure since M does.

2.1.25 Exercise. This recovers the usual notion of a module when C is
the category of rings. Indeed, for any object B € Ab(C,,), the kernel
ker[B —> A] inherits an A-module structure in the usual sense. On
the other hand, if M is an A-module in the usual sense, endow A ® M
with the ring structure of square-zero extension of A. Show that these
assignments define inverse equivalences of categories.

2.1.26 Proposition. If C is presentable, then the forgetful functor
U: Mod(A) — Cjy

admits a left adjoint Q. Consequently, one has a universal derivation
d: A—> Qy that induces an isomorphism

Moryod(a) (24, M) = Der(A, M).



THE FIELD WITH ONE ELEMENT

2.1.27 Definition. It is a simple matter to see that the comonad W
extends to a comonad on the category CAlg"*(Z) of non-unital rings.
In particular, any abelian group can fed into W as a ring with zero
multiplication.

If Aisaring and M is an A-module, then we write W(M) for the
W(A)-module given by the set M with componentwise addition and
scalar multiplication given by

(am); = y.(a)my.

If A is an A-ring, then a A-module over A is an A-module M and an
A-linear map A: M —> W(M) such that € o A = id, and the square

M ——— W(M)

.

W(M) — WW(M)

2.1.28 Proposition (Hesselholt). Suppose A an F,-algebra. Then the
category Mod(A) is equivalent to the category of A-modules on A.

Proof. Formal. The assignment B — ker[B — A] lifts to an equivalence
from Mod(A) to A-modules on A. ]
2.1.28.1 Corollary. Under this equivalence, a derivation from an F, -
algebra A to an A-module M is a map d: A — M such that

1. d(a+b) =d(a) +d(b);

2. d(ab) = ad(b) + bd(a);

3.

A(d(@) = Y (@) 1 d(A(a)).
kln

For any F;-algebra A and any A-module M, a derivation A — M
is in particular a derivation A® Z — M ®g  Z; hence we obtain a
comparison homomorphism

QA@]:IZ — QA ®F1 Z

2.1.28.2 Corollary. The comparison homomorphism above is an isomor-
phism.
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2.1.29. Perhaps even more down to earth is the following description of
A-modules over an F,-algebra A: consider the twisted monoid algebra
AYN*; then Mod(A) is equivalent to the category of left AYN*-modules.

2.1.30 Example. Let’s consider F, itself. Recall that in F,, the Adams
operations y,, act trivially on Z. So an Fy-module is a ZN*-module, i.e.,
an abelian group M along with commuting operations A, : M — M for
every p € II.

2.1.31 Example. Suppose X a commutative monoid. Recall that N* acts
on X via y,(x) = xP; we thus form the semidirect product X x, N*. It is
easy to see that an F{ X-module is nothing more than an abelian group with
an action of X x, N*.

In particular, if X = C,, then we find than an F,-module consists of
an abelian group M, an automorphism o of M of order dividing n, and
commuting operations A, : M — M such that A, o0 = a? o A,,.

Similarly, if X = Z, then we find that a quasicoherent sheaf on G, g, is
an abelian group M with an automorphism o and commuting operations
Ap: M —> M such that A, o0 = 0P o A,

2.1.32 Example. A module over the Chebyshev line, F,[x] is a mod-
ule over Z[x]YN*; i.e., it’s an abelian group M with an endomorphism
x: M — M and commuting operators A, : M — M such that

A

poX = 2Tp(x/2) ° AP'

We must compute the F»-points of various sheaves over F;.

2.1.33 Example. If X is a monoid and Sy = Spec(F; X) then of course

SX(FI") = HOI'IIF1 (FIX, FICH) = MorMon(X, Cn)+).
In particular, we find that

A%l,toric(Flr‘) =Cuy
and
G, (Fin) = C,.
2.1.34 Example. If A%:1 denotes Spec of the Chebyshev line, then
A%l (Fi») = Homy(Z[x], Z[C,]),

Asaset, X %, N*is X x N*,

but the monoid action is twisted:
(x,m)(y,n) = (xy,,,(y), mn).
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an element of which picks out an element f € Z[t]/(t" — 1) such that for
any p € I,
f@P) = 2T, (f(©)/2) mod (t" - 1).

2.1.35 Definition. Consider the poset @ of natural numbers ordered by
divisibility. A truncation set is a sieve S € @ (equivalently, a subfunctor
of the terminal presheaf ® — Set. If n € N, then let S/n denote the
pullback of S under the multiplication by » map n: @ — @; that is,

S/n={d e ®|nd € S}.

2.2 Bokstedt-Hesselholt-Madsen computations of THH

Fix a smooth scheme X over a perfect field k. Recall that
TR™(X, p) = THH(X) (p"™').

The cyclotomic structure on THH endows TR;, (X, p) with the structure
of a p-typical Witt complex.

2.2.1 Theorem (Hesselholt-Madsen). There is a canonical ring isomot-
phism
W, (X) = TRG(X, p)

of cyclotomic Green functors.
Consequently, we obtain a unique morphism of p-typical Witt com-

plexes
n: W.QF — TR%(X, p).

2.2.2 Theorem (Hesselholt). The map 1 induces an isomorphism
W,0k = TR}(X, p)
fork < 1.
2.2.3 Theorem (Hesselholt-Madsen). For each n > 1, the W, (k)-module
TRE(k, p) is free of rank 1, and the canonical graded W,,(k)-algebra homo-

morphism
Sym(TR3 (k, p)) — TR (k, p)

is an isomorphism.
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2.2.4 Theorem (Hesselholt). For each n > 1, the canonical graded W,,(k)-
algebra homomorphism

W, Q% ® ¢y, ) f TR (k, p) — TRL(X, p)

is an isomorphism.

2.3 Regularised products and determinants

2.3.1 Definition. Suppose, for any n € N, that A,, is a complex number
with chosen argument «,,. Assume that N € N such that A,, # 0 for any
n > N. Consider the Dirichlet series

Z [A, 1% exp(—isa,,),

n=N
which converges on some half plane ) M, +00(. Assume also that this sum
admits an analytic continuation to a holomorphic function {(s) on a
half-plane )—¢, +00(. The the regularised product

N-1
[ = ( [ ) exp(=¢(0)).

neN n=1

We say the regularised product converges when the assumptions above
hold.

2.3.2. We shall always take the branch of the argument lying in (-7, ].
The existence and value of the regularised product is independent of the

enumeration, so we are free to write [ | _¢ A, for a countable set S.

nes

2.3.3 Definition. Suppose V a C-vector space of countable dimension,
and suppose that © is an endomorphism of V. Assume the following:

+ Vis the direct sum (P, . V), where V) = ker(® - MN for N > 0is
finite-dimensional.

« Let (A,,) be the sequence of eigenvalues of ®, with multiplicity. The

[T,

regularised product

converges.
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Then we define the regularised determinant as

det(®) = [ [ A,..

2.3.4 Exercise. If 0 — V' — V — V" — 0 is an exact sequence of vector
spaces and endomorphisms, then

det(®) = det(@") det(®"),

in the sense that if the right side converges, then so does the left, and then
the values are equal.

2.3.5 Example. Ify € C* and z € C, then let us compute

1_[ y(z +n).

neZ

The Hurwitz zeta function is defined on )1, +0o( by

(s2)= Y —

neN, (z +n)s

and it admits an analytic continuation to C with a pole at 1. We can

(o)=Y ——

nen, (Vz +m)

introduce

and we can compute that

[T (e ) = (o)™ exp(- 14, 0,2 expl-5.L_,0,-2).

nez

2.3.6 Proposition. Let V be an anticommutative graded C-algebra such
that V; C V is finite dimensional for all j. Suppose © a graded C-linear
derivation, and suppose that there exists a unit 3 € V_, such that

o) = g,
logg

Then
det(s — ®|V2*+j) = det(1 - q_5®|Tj)

Now we define the graded derivation ® on TP, (X) for X smooth over
F, as follows. For the periodicity class 8 € TP_,(X), we set

o) = lzﬂﬁ.
0gq
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and we define ® on TP, and TP, so that q© = Fry. (This can actually be
done in more than one manner, but this point isn’t important.)
We thus find that

det(s - @lTP2*+](X) ®W C) = det(l - q_sFr%k |TP] ®W C)
(o]



3
Connes-Consani on archimedean L-factors

3.1 Hodge structures and L-factors

3.1.1 Definition. Denote by S the real algebraic group C*; that is, S

is the Weil restriction of the complex algebraic group G,,, toR ¢ C.
Denote by w: G,,, — S the canonical morphism that on real points is
the inclusion R* «— C*.

Now a Hodge structure is a finite rank abelian group Hy along with an
action o of the real algebraic group S on Hy := Hz ® R. We will say that
(Hz,0) is pure of weight k if the action of cw(t) on Hp, is action by ¥ for
any t € R*.

3.1.2. An action of S(C) = C* x C* on H¢ == Hz ® C is specified by the
decomposition

Hc = @ HP4, HP ={x € H¢ | Y(u,v) € S(C), (u,v)x = u Pv79x}.
pgeZ

This representation is real just in case H#? = HP4, Hence a Hodge
structure can be defined as such a decomposition. This Hodge structure is
of weight k if and only if H?9 = 0 unless p + g = k.

This decomposition also specifies a filtration of Hc, called the Hodge
filtration:

-+FPP'HCcFPH C --- ¢ Hg,

given by

FPH = @ H".

r2p,s€Z
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The Hodge structure H is pure of weight k just in case FIHN FPH = 0
whenever p+gq =k + 1.

3.1.3 Example. Define a Hodge structure
Z(1) = 2nV-1)Z = ker [exp: C— C*] with Z(1)™>7! = Z(1);

this is called the Tate Hodge structure, pure of weight —2. Its tensor powers
are Hodge structures

Z(n) = QnV-1)"Z c C with Zn)™™" = Z(n);

these are pure of weight —2n.

3.1.4 Example. If X is a compact Kihler manifold, then the holomorphic
Poincaré lemma guarantees a quasi-isomorphism Qy = Q% = Cx. Now
the “foolish” filtration

P 07 0y
gives rise to a spectral sequence
El? = HI(X, QF) = HPM(X,C)

whose abutment is the Hodge filtration on H* (X, C). From Hodge theory,
we know that this spectral sequence degenerates, whence we obtain a
decomposition
HY(X,C) = € HI(X, 0F).
ptq=k

Moreover, one has HP (X, Q9) = H1(X, QP). Thus the singular cohomology
H¥(X, Z) is a Hodge structure pure of weight k.

This is all neatly summarized in the statement that the singular cohomol-
ogy of compact Kihler manifolds (and thus of smooth projective varieties
over C) is “really” valued in the category of Hodge structures.

3.1.5 Notation. Recall

n512T(s/2)
2(2m) I (s),

I'r(s)
Ie(s)

so that
I'c(s) = FR(S)I'g(s+1).
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If H is a complex representation of C* x C* (i.e., a C-Hodge struc-
ture), then we write h(p, q) = dimc H?9, and
Iy = H I'c(s — min{p, gD,
201
If Hy is a Hodge structure, then one defines

H"* = {xeH™|x=(-1)"x};
H"» = {xeH"|x=-(-1)"x}
and
h(n,+) = dimc H™*;
h(n,-) = dimcH"".
Now
Iy, = [ [Tr(s =" ™D Ig(s = n+ 1" T Le(s - p)htea).
n p<q

In particular, suppose X a smooth projective variety over a global
field K, and let v be an archimedean place of K. If K, = C, then
HY(X(K,)*, C) admits a C-Hodge structure, and we write

Ly(h*(X), s) = Tqw(x(x,)m,c) (5)-

IfK, = R, then H”(X (K, (1))*", C) admits a Hodge structure, and we

write
Lv(l’lw(X),S) = FHw(X(KU(i))“",C) (S)

3.2 Deligne cohomology and Beilinson’s theorem

Deligne cohomology can be thought of as a systematic way of packaging
both ordinary cohomology and the intermediate Jacobians.

3.2.1 Definition. For any integer p, the Deligne complex Z(p)y, is a sheaf
of complexes (or, better, simplicial abelian groups, or, still better, spectra)
on the site of complex analytic manifolds defined as the homotopy fiber
product:

Z(p)p = Z(p) x} Q3P
Its cohomology groups on a compact complex analytic manifold X are
the Deligne cohomology groups:

HY (X, Z(p)) = HI(X, Z(p)p)-
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3.2.2. Equivalently, Z(p)p, is the fiber of the natural map Z(p) — C/FPQ.
One can form an explicit complex of sheaves of abelian groups on a
complex analytic manifold that represents Z(p)p:

-1
OﬁZX(p)ﬁﬁx—)Q)l(*) ~>Q§ — 0.

3.2.3 Example. Of course Z(0)p = Z, and so

H) (X, Z(0)) = HI(X, Z).

3.2.4 Example. The map

0—> Z(1) —> Oy —> 0

N

11— 1— 0 — 1

is an equivalence exp: Zx(1)p —> Ox[-1], and so
HL(X,Z(1)) = HT'Y(X, O%).

In particular, note that H%)(X, Z(1)) = Pic(X), and we have an exact
sequence
0— J1(X) — H}H (X, Z(1)) — NS(X) — 0.

3.2.5 Example. There is an equivalence
Zx(2)p = [dlog: OF — Qk] [-11.
One can show that H%,(X, Z(2)) is the group of line bundles with holomor-

phic connection.

3.2.6. The long exact sequence of the fiber gives

HYY(X, C)
FPHI1(X,C)

H1(X,C)

-1 T orary
HI (X, Z(p)) — FPHI(X,C)’

— HL(X, Z(p)) — HI(X, Z(p)) —

When g < 2p, the map on the right is an injection, so we have a short
exact sequence

0— JPHIN(X, Z(p)) — HL (X, Z(p)) — HI(X, Z(p)) — 0.
When g = 2p, we get a short exact sequence

0— JP(X) — HP (X, Z(p)) — Hdg? (X) — 0.
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If X is a smooth projective variety over a global field K, then for any
archimedean place v of K, we write

HqD(XU, R(p)) if v is complex;

HY (X, R(p)) =
? i H?)(Xu ®, Ky (1), R(P))Cz if v is real,

where C, acts via de Rham conjugation.

3.2.7 Theorem (Beilinson).

ord,_,,,L,(H*(X),s)™! = dimg H4"(X,, R(w + 1 — m)).

3.2.8 Definition. Suppose X a smooth complex projective variety.
Consider the Fréchet algebras C*° (X, R) and C* (X, C); using a
topologised version of the Hochschild complex, TH® ® C, we obtain an
identification

TP(Xc)® C = TP(C®(X¥,C)® C,
and we define
TP (Xc) ® C = TP (C®(X¥,R)) ® C.

Now we have a natural A-algebra structure on all these invariants, and we
define @ as the generator of the A operations, so that

k% = .
Now we select the map
ni)® : TPR(Xc)® C —> TP(X¢) ® C.

Recall that we have the map TC(X ) — TP(X ). We form the
homotopy pullback

PV (Xc) = ((TC(XQ) ® ©) Xl o, omye0 TPR(X)® C) 111
For a smooth real projective variety Xy, define

PY(Xg) = P"(Xc),

where C, acts on the coefficients.
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There are two domains of interest:
E;={(nj)|n=0,0<2j-n<2d}

and
Ag=1{(gm)]|0<q<2d, m<q/2}

3.2.9 Proposition. There are isomorphisms

2]+1 n

7,(P" (X )%=/ = (X, R(j+1))

and
71, (P (X))®0=1 = HY ™7 (X ¢, R(j + 1))

for (n, j) € E; (else the left side vanishes).
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